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Abstract 
The dynamics of bubble coalescence are of importance for a number of industrial 
processes, in which the size inequality of the parent bubbles plays a significant role in 
mass transport, topological change and overall motion. In this study, coalescence of 
unequal-sized microbubbles captive on a solid substrate was observed from cross-section 
view using synchrotron high-speed imaging technique and a microfluidic gas generation 
device. The bridging neck growth and surface wave propagation at the early stage of 
coalescence were investigated by experimental and numerical methods. The results show 
that theoretical half-power-law of neck growth rate is still valid when viscous effect is 
neglected. However, the inertial-capillary time scale is associated with the initial radius 
of the smaller parent microbubble. The surface wave propagation rate on the larger parent 
microbubble is proportional to the inertial-capillary time scale.   
   
Key words: bubble coalescence, synchrotron, high-speed X-ray imaging, bridging neck 
growth, surface wave propagation, microfluidic  
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Introduction 
Coalescence of microbubbles are encountered in many industrial applications when gas 
microbubbles are generated from or injected into liquid reactants, such as solar water 
splitting systems [1-3], microbial electrolysis cells [4-6], and gas-liquid synthesis [7-9]. 
Fundamental understanding of coalescence dynamics of microbubbles is essential to the 
design of those systems and devices. To this end, most studies on microbubble 
coalescence have been focused on equal-sized parent bubbles with a complete spherical 
shape. For instance, the dynamics of thinning and rupture of the liquid film between two 
approaching bubbles just prior to coalescence have been studied extensively [10-14]. The 
dynamics of bridging neck growth have been the focus of many studies [15-19]. It has 
been shown that the bridging neck radius   of two parent bubbles follows a power-law, 
r/R ∝ (t/τ)1/2, at the early-stage of coalescence, where R is the initial radius of parent 
bubbles and  τ is a time scale.  When viscous effect is negligible, the time scale is 
inertial-capillary time scale τ = (ρR3/σ)1/2, where ρ is the density of liquid and σ is the 
surface tension[17]. Stover et al. investigated the effects of bubble size, electrolyte 
viscosity, and surface tension on the oscillation dynamics of  a coalesced bubble [20]. 
They found that fluid inertia sustains the oscillation of the resultant bubble and viscous 
resistance dampens the oscillation. The oscillation period increases and damping 
decreases with increasing bubble size. Within the viscosity range from 1.1 × 10
-2
 cm
2
/s to 
5.0 × 10
-2
 cm
2
/s, the oscillation frequency is insensitive to the viscosity and damping is 
insensitive to surface tension. Coalescence does not depend on gas type or electrolyte pH. 
These studies using equal-sized spherical bubbles have provided useful information on 
the dynamics of microbubble coalescence. However, in real applications, coalescence 
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could happen when microbubbles are captive on a solid substrate with a spherical 
segment shape. In addition, the parent bubble sizes are different for most of the 
coalescence cases. Recently, Weon et al. have reported that the location of the coalesced 
bubble is linked by the parent bubble size ratio with a power-law relationship [21, 22]. 
Chen et al. reported that the coalescence time also exhibits a power-law scaling with the 
parent bubble size ratio [23]. Zhang et al. studied the generation of a satellite during the 
coalescence of two gas bubbles. They found that the relative size of the parent bubbles 
has a critical effect on the generation of satellite, preventing it if this ratio is too large or 
too small [24]. However, the dynamics in the early-stage of coalescence of two unequal-
sized microbubbles captive on a solid substrate have not been studied. The objective of 
this paper is to investigate whether there exists a universal time scaling law in such 
coalescence cases. In this study, the coalescence of two unequal-sized microbubbles 
captive on a solid substrate was investigated experimentally and numerically. A polymer 
microfluidic device was designed and fabricated to generate microbubbles and bubble 
coalescence events. A high-speed X-ray imaging instrument at the 32-ID-B beamline of 
the Advanced Photon Source (APS) at Argonne National Laboratory was used to 
visualize individual coalescence events inside the polymer microfluidic channel. The 
bridging neck growth and surface wave propagation at the early stage of bubble 
coalescence were analyzed based on the X-ray images and simulation results.  
 
Experimental  
The coalescence experiment was carried out through microbubbles generated inside a 
polymer microfluidic gas generation device. The device was fabricated by aligning and 
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sequentially stacking/thermopress bonding multiple layers of patterned polystyrene (PS) 
film (Goodfellow, Coraopolis, PA) which were achieved by a craft cutter (FC2250-60 
VC, Graphtec, Santa Ana, CA) [25]. A picture of the device and the schematic of a cross-
section view of the device are shown in Fig. 1. A reaction microchannel was formed by 
bonding a platinum (Pt) black catalyst layer inside the microchannel. The Pt black was 
electroplated on a gold foil (10 µm thick) with 0.1 A/cm
2
 current density for 55 s. The 
plating bath consisted of 120 ml of DI water and 5 g of dihydrogen hexachloroplatinate 
(H2PtCl6·6H2O, Alfa AESAR, Ward Hill, MA) [26]. The Pt density was measured and 
calculated to be 1.5 mg/cm
2
. The gold foil was attached on a double-sided tape when 
being electroplated with Pt. Then it can be attached to PS film with the other adhesive 
surface, as is shown in Fig. 1(b). In order to vent the gas bubble in the reaction channel, a 
hydrophobic nanoporous membrane (0.2 µm pore size, Sterlitech Corporation, Kent, WA) 
was embedded into the device, as is shown in Fig. 1(b).  
  
 
 
 
6 
 
 
Fig. 1. (a) A picture of the fabricated polymer microfluidic gas generation device and (b) 
schematic of the cross-section view of the device. 
High-speed X-ray imaging experiments were conducted at the 32-ID-B beamline of APS 
to visualize individual coalescence events in the reaction channel. The experimental setup 
is illustrated in Fig. 2(a). An intense undulator white-beam went through the reaction 
channel of the device and generated phase-contrast images of the sample. A LuAG:Ce 
scintillator (100 µm thickness), positioned downstream, absorbed the X-ray photons and 
emited visible light, which was then recorded by a high-speed camera (FastCam SA1.1, 
Photron) with 10
5
 fps and 3 µs exposure time, as is shown in Fig. 2(b). It should be noted 
that the coalescence events were visualized from the cross-section view in this study. 
Since the parent microbubbles were captive on the Pt catalyst substrate with 36° contact 
A A
Inlet Membrane Outlet Gas vent
Pt catalystMicrobubble pair
(a)
(b)
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angle, the top view cannot reveal the detailed dynamic information of bubble coalescence. 
In order to gain better image contrast, the longitudinal dimension of the reaction channel 
should be as small as possible to reduce the X-ray absorption by channel walls and liquid 
reactant, as is shown in Fig. 2(c). In this study, the rectangular reaction channel width 
was 0.7 mm with 1.15 mm PS wall on each side and the channel height was 144 µm. 30% 
hydrogen peroxide (H2O2) was used as reactant solution in this experiment. Oxygen 
generation reaction happened when the H2O2 solution was brought into contact with the 
Pt catalyst inside the reaction channel. To avoid the influence of X-ray on H2O2, we 
optimized the X-ray dose to make sure H2O2 didn't have obvious self-reaction under 
existence of the X-ray while the contrast of the image remained clear. As shown in Fig. 
2(e), the phase-contrast X-ray image clearly shows the profiles of microbubbles and other 
substances with 2    spatial resolution.  
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Fig. 2. (a, b) X-ray high-speed imaging experiment setup. (c) Schematic of the gas 
generation device. (d) Detailed view of the reaction channel. (e) Phase contrast image of 
a microbubble pair. 
 
The measurement of bridging neck growth and surface wave propagation based on X-ray 
images was aided by open software, ImageJ (National Institutes of Health). The detailed 
information about image processing and measurement uncertainty is shown in Fig. 3. As 
shown in Fig. 3a, the bubble center locations were determined before the bubbles started 
coalescence. Since the bubbles were at equilibrium before coalescence, their 3D shape 
should be perfect spherical segment and their 2D projection images shown in Fig. 3a 
should be perfect circular segment. To determine the location of the center, we have to 
find the boundary of the circular segment. As shown in Fig. 3b and c, a median filter in 
ImageJ (Despeckle) was used to remove the salt and pepper noise by replacing each pixel 
with the median value in its 3 × 3 neighborhood. Fig. 3d shows the gray value profile 
along the yellow line shown in Fig. 3c. We selected the pixel with the lowest gray value 
to be the boundary. After the boundary of the circular segment was determined, the center 
can be determined. Since the pixel size is 2 µm in this study, the uncertainty of the center 
location is 2 µm. 
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Fig. 3. (a) Original image of the unequal-sized microbubble coalescence event at time 0 
µs shown in Fig. 4. (b)  The processed image after a median filter in ImageJ (Despeckle) 
was used to remove the salt and pepper noise. (c) Boundary of the circular segment. (d) 
Gray value profile along the yellow line shown in (c). 
 
Results and Discussion 
The high-speed synchrotron X-ray imaging technique allowed the direct observation of 
the captive microbubble coalescence inside the reaction channel from the cross-section 
view, due to the small wavelengths of hard x-rays (~0.1 nm) [27]. In addition, this 
microfluidic gas generator enables the cross-section view of captive bubbles on the solid 
substrate. Fig. 4 shows an example of the coalescence of two unequal-sized microbubbles. 
The whole coalescence process took place in 170 µs. A series of images have been taken 
by the high-speed camera at a frame rate of 10
5
 fps. Since H2O2 solution had flow 
(a) (b) (c)
(d)
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motions inside the reaction channel and oxygen generation took place continuously 
during the imaging process, it is necessary to identify whether the flow motion and 
oxygen generation had impact on the individual coalescence event. It can be seen from 
the images in Fig. 4 that all other bubbles do not have clear change during the 170 µs 
time span. Therefore, we can conclude that the flow motion and oxygen generation were 
at a relatively low speed and they don’t have impact on individual coalescence event. In 
Fig. 4 at 0 µs, two microbubbles, with radius 64 µm and 36 µm respectively, were about 
to contact each other. The coalescence of the two microbubbles took place in a very short 
period of time and in the next frame at 10 µs, the two microbubbles have formed a 
bridging neck, with an arch shape in the middle. It should be noted that the coalescence 
events were selected from the video of gas generation in the microchannel. In this 
experiment, the start of a coalescence event cannot be controlled. Since the temporal 
resolution of the high-speed camera was 10 µs, the uncertainty in determining the initial 
time (0 µs)  was 10 µs. 10 µs uncertainty is relative large for this study. In order to 
address this issue, the experimental results and simulation results were compared when 
selecting the coalescence events and determining the initial time. As show in Fig. 5, the 
simulation results show similar time as the experimental when they have the similar neck 
growth. From 10 µs to 60 µs, it is observed that a surface wave on the liquid-gas interface 
travels on the larger bubble. During this period, the shape of the coalesced microbubble 
shows significant dynamic change. From 70 µs to 170 µs, the coalesced bubble does not 
show large shape change and slowly restored the spherical segment shape with 36° 
contact angle at 170 µs.  
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Fig. 4. Representative image sequence of unequal-sized microbubble coalescence. The 
radii of two parent microbubbles are 64 µm and 36 µm, respectively. The whole 
coalescence process completed in 170 µs. The scale bar is 200 µm. 
 
 
Fig. 5. Comparison between the experimental results of neck growth and the simulation 
results of neck growth. 
 
As shown in Fig. 4, when two separate microbubbles contacted each other, the formation 
of a bridge occurred and the bridge neck grew rapidly at the early stage of coalescence. 
The measurement of the neck radius for equal-sized microbubble pair is a distance from 
the middle point in the center line through two parent microbubbles to the saddle point of 
the merged surface.  The determination of neck radius for unequal-sized microbubble pair 
is more complex than the same size pair. The neck radius is the perpendicular distance 
from the saddle point of the merged surface to the line through two parent microbubble 
centers, as is shown in Fig. 6(a). 
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Fig. 6. Schematic of the measurement of (a) bridging neck radius and (b) surface wave 
propagation angle during coalescence of unequal-sided microbubbles.  
 
Previous studies have shown that the neck radius   of equal-sized bubbles follows a 
power-law, r/R ∝ (t/τ )1/2, at the early stage of coalescence.  τ = (ρR3/σ)1/2 is inertial-
capillary time scale, when viscous effect is negligible [17]. In this study, coalescence 
dynamics of unequal-sized microbubbles was investigated and we want to answer the 
following three questions. (1) Does a universal power law exist for the bridging neck 
growth? (2) Does the size ratio have an impact on the neck growth dynamics? (3) What is 
the characteristic length in the unequal-sized case? Since the Ohnesorge (Oh) number 
(                a dimensionless number that relates the viscous forces to inertial 
and surface tension forces, was about 0.01 in this experiment, we can consider that the 
viscous effect is negligible. Three individual coalescence events were selected for this 
study with radius ratios of the two microbubbles 1.02 (56 µm and 55 µm), 1.45 (42 µm 
and 29 µm), and 1.78 (64 µm and 36 µm), respectively. It was considered that the 
bridging neck growth process was complete when the neck radius was the same as the 
radius of smaller parent microbubble. If the radius of the smaller microbubble (Rs) was 
r
θ
(a) (b)
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chosen as the characteristic length, the dash fitting line in Fig. 7 show that the neck 
growth evolution follows a half power-law at the early stage of coalescence, 
               
 
         
    
 
 , with coefficient of determination          . 
However, due to the extremely fast evolution of bridging neck, the high-speed camera 
with 10
5
 fps only can capture one or two points for those three cases. As shown in Fig. 7, 
there are four points in total. In order to obtain more data points, we conducted 3D 
simulation in the same conditions, including microbubble and solution properties, surface 
tension, contact angle, size ratio etc. using commercial CFD software FLUENT 16.0 
(ANSYS, Inc., 2014). The multiphase 3D Volume of Fluid model in FLUENT was used 
in the simulation. The pre-processor GAMBIT in FLUENT was used to form the 
computational geometry and grids. The convergence of different mesh size was tested. 
3D of hexahedron shape and mesh edge of 1    modeling gave a smooth appearance of 
microbubble, especially dealing with solid interface and time-saving. For multi-zone 
design, specified area with much smaller size mesh resulted in same phenomena but 
longer simulating time. Hence, hex element with mesh edge of 1    was generated for 
the cuboid with                              . Periodic boundary was 
imposed into the Z and X direction with 50000 and 40000 quadrilateral faces respectively. 
The top and bottom faces in the Y direction were set as wall adhesion with the contact 
angle       with 50000 quadrilateral faces. Density of      solution was 1060 
      and its viscosity was 1.06 mPa·s, Surface tension coefficient was 0.073 N/m. 
Density of    was 1.30    
  , and viscosity of    was 1.92e-02 mPa·s.  The initial 
position was that two microbubbles were in touch as shown in Fig. 4 at 0 µs. We took 
Region Adaption to refine the mesh for bubbles. Variable Time Stepping Method were 
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used and the initial time step size was set as 0.1 µs. Due to the spatial and temporal 
resolution of the imaging technique, the calescence of larger size ratio cases cannot be 
detected. In addition to the three size ratios obtained from experiment, another 3 size 
ratios 3 (69 µm and 23 µm), 5 (70 µm and 14 µm) and 10 (70 µm and 7 µm) were 
simulated. As shown in Fig. 7, the neck growth data from simulation is validated by the 
four experimental data points. With more data points from simulation, the neck growth 
still shows a half power-law,                
   
, with coefficient of determination 
         . We can conclude that the neck growth dynamics of two unequal-sized 
microbubbles captive on a solid surface still shows a half power-law with the inertial-
capillary time scale and controlled by the smaller microbubble regardless the size ratio.  
  
Fig. 7. Time evolution of the bridging neck radius of six coalescence cases with initial 
radius ratios 1.02 (56 µm and 55 µm), 1.45 (42 µm and 29 µm), 1.78 (64 µm and 36 µm), 
3 (69 µm and 23 µm), 5 (70 µm and 14 µm) and 10 (70 µm and 7 µm) obtained from 
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experiment (e) and simulation (s). Dash line and solid line are the fitting lines from 
experimental results and simulation results, respectively. 
 
As shown in Fig. 4, a surface wave started to propagate along the surface of gas bubble at 
the initial stage of coalescence. The surface wave was driven by the release of surface 
energy at the neck region. Wave propagation angle is a way to determine surface wave 
propagate along bubble surface. As shown in Fig. 6(b), the propagation angle was 
measured from the line connecting the centers of two parent microbubbles. Since the 
wave propagation dynamics is very difficult to capture on the smaller parent microbubble, 
we focused on the surface wave propagation on the larger parent bubble surface. It should 
be noted that the limit of the surface wave propagation angle was the angle when the 
wave reached the solid surface. We obtained surface wave propagation angle data on both 
experiments and simulation with same conditions mentioned in neck growth evolution. If 
we only consider the experimental results, the yellow circular markers show a linear 
relationship between the propagation angle and the time normalized by inertial-capillary 
time scale (       
    
 
  . Since the propagation was on the larger parent microbubble, 
the characteristic length used in the time scale was the radius of the larger parent 
microbubble (RL).  The dash fitting line indicates that         
 
  
      , with 
coefficient of determination          . If the simulation results were used, a very 
similar solid fitting line is present,         
 
  
      , with coefficient of 
determination          . Fig. 8 demonstrates that the surface wave propagation on 
the larger parent bubble is controlled by the size of larger parent bubble for the unequal-
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sized case and follows a universal linear relationship with inertial-capillary time scale. 
However, Fig. 8 also shows that at the very early stage of coalescence the wave 
propagation does not follow the same linear law as the later stage. The reason could be 
due to the release of large surface energy at the very early stage when the surface 
curvature is very large. To explain the surface wave propagation results, a capillary wave 
theory is used [28]. When the wavelength   is short, the wave phase velocity   is 
proportional to            , where   is the surface tension,   is the density of liquid. In 
a bubble coalescence event, the capillary wave is the surface wave traveling along the 
spherical interface of merging bubbles. If we consider that the wavelength is proportional 
to the radius of the microbubble, the propagation angle   
  
  
          
     . Then  
      
 
  
 , where      
   
 
 
.  
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Fig. 8. Time evolution of surface wave propagation angle of six coalescence cases with 
initial radius ratios 1.02 (56 µm and 55 µm), 1.45 (42 µm and 29 µm), 1.78 (64 µm and 
36 µm), 3 (69 µm and 23 µm), 5 (70 µm and 14 µm) and 10 (70 µm and 7 µm) obtained 
from experiment (e) and simulation (s).  Dash line and solid line are the fitting lines from 
experimental results and simulation results, respectively.  
 
Conclusion 
We have investigated the neck growth and surface wave propagation at the early stage of 
coalescence of unequal-sized microbubbles captive on a solid substrate through 
experiments and CFD simulation. A polymer microfluidic device was designed and 
fabricated to generate microbubbles and coalescence events. The high-speed high-
resolution synchrotron X-ray microscopy at the beamline 32-ID-B of the APS was 
utilized to visualize individual coalescence events in the microchannel from the cross-
section view at 10
5
 fps frame rate. The image analysis show that the neck growth 
dynamics of two unequal-sized microbubbles captive on a solid surface shows a half 
power-law with inertial-capillary time scale and controlled by the smaller parent 
microbubble. The surface wave propagation on the larger parent microbubble follows a 
universal linear law with inertial-capillary time scale.  
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Highlights 
 
 A high-speed synchrotron X-ray microscopy was utilized to visualize individual 
coalescence events.  
 Captive microbubble coalescence inside a microchannel was observed from the 
cross-section view. 
 The neck growth dynamics shows a half power-law with inertial-capillary time 
scale. 
 The surface wave propagation follows a linear law with inertial-capillary time 
scale. 
 
 
 
 
